Due to the space limitation at the driving tyre, some of the small electric vehicles (EVs) with two inwheel motors employed a mechanical braking system rather than the hydraulic braking system. Although the mechanical braking system is compact, its rigidness and the response performance are lower than the hydraulic braking system. In this paper, we propose a combination of anti-lock braking system (ABS) and regenerative brake control to improve the braking performance of the small EVs. The hydraulic unit of ABS is installed at the front tyre, while an in-wheel motor at the rear tyre will be an actuator of ABS to control the regenerative braking torque at the rear tyre. During braking on an icy road, the operational of ABS and regenerative brake control can prevent the tyre lock and vehicle from skidding. The simulation result shows that our proposed model can improve the safety and stability of the vehicle.
Introduction
During the last few decades, increased concern over the environmental impact of the petroleum-based transportation, along with the issues of peak oil, has led to renewed interest in electric vehicles (EVs) and hybrid electric vehicles (HEVs) [3, 6, 7] . EVs and HEVs use an electric motor for propulsion, and batteries as electrical storage devices. Compared with the internal combustion engine vehicles (ICEVs), the electric motor has many advantages such as a fast torque response in milliseconds, easiness in obtaining accurate torque feedback, capable of generating both traction and braking forces and small size but powerful output [2À7, 9, 10] .
Although electric motor has many advantages, the most common problem of the small in-wheel EVs are on the braking performance and the safety system. Most of the small in-wheel EVs provide only seat belt as safety equipment and do not have an anti-lock braking system (ABS), which is a basic skid control method [6, 7] . Due to the space limitation on the driving tyre, the hydraulic unit of ABS cannot be installed. For the same reason, the mechanical braking system was installed rather the hydraulic braking system. Although the mechanical braking system is compact, its rigidness and the response performance are lower than the hydraulic braking system [12] . During braking on an icy road or under heavy braking, hydraulicÀmechanical hybrid brake system cannot perform equally well on dry asphalt. The hydraulic braking force and the mechanical braking force applied to the front and rear wheels, respectively, to stop their rotation often exceed the force that is making them rotate. This causes the tyres to stop rotating gradually, and therefore begin skidding. Once in a skid, the tyres no longer have the ability to provide directional control to the vehicle, no matter how much steering input is attempted by the driver. An ABS which is a basic skid control method is very crucial on the icy road and under heavy braking because it can prevent tyre from locking and vehicle from skidding [2, 6, 7, 9, 10, 12, 14, 15, 20] .
On the other hand, during braking, an in-wheel motor will produce the regenerative braking torque [6, 7, 10] . Regenerative braking is a braking method that utilises the mechanical energy from the motor by converting kinetic energy into electrical energy and fed back into the battery source [7, 8, 13, 16] . In regenerative braking mode, when the driver applies force to the brake pedal, the electric motor works in reverse direction, thus slowing the car. While running backwards, the motor acts as the generator and recharges the batteries [14, 17, 21] . On the icy road condition, the regenerative braking torque needs to be controlled to prevent tyre from locking.
In this paper, to improve the safety and stability of the small in-wheel EVs, we proposed a novel method of ABS and regenerative brake control. The hydraulic unit of ABS is installed at the front tyre, while an in-wheel motor at the rear tyre will be an actuator of ABS. During braking on an icy road, ABS will control the braking force at the front tyre, while an in-wheel motor will control the braking force at the rear tyre. The combination of the ABS and regenerative brake control can prevent tyre lock and improve the stability of the small in-wheel EVs.
Vehicle model
In this study, a small EV from Toyota Auto Body Company (model Toyota COMS AK 10E-PC) has been used as an analysis vehicle model. The driving system of this vehicle is two in-wheel motors and these motors were attached at the rear tyre. Figure 1 shows the Toyota COMS AK10E-PC on the dry asphalt road and the specifications of this vehicle are provided in Table 1 .
Braking system of the vehicle model
The braking system of the Toyota COMS AK10E-PC is the hydraulicÀmechanical hybrid brake system. The hydraulic braking system is installed at the front tyre, while the mechanical braking system is installed at the rear tyre. Figure 2 shows the two-wheel model of the hydraulicÀmechanical hybrid brake system. In this Figure 2 . Two wheel model of the hydraulicÀmechanical hybrid brake system. system, when the driver pushes the brake pedal, the braking pressure generated from the master cylinder flows through the front brake hose to the front wheel cylinder. On the other hand, for a mechanical brake system, the braking pressure generated in the master cylinder flows to the power cylinder, and then the piston pulls a wire connected to the brake shoe. The equation of motion in power cylinder and drum brake is expressed in Equations (1) and (2) .
where A p is an area of power cylinder, H p is the head pressure, k is the coefficient of the spring, d p and d d are viscous damping at power cylinder and drum brake, m p and m d are the mass of power cylinder and drum brake, x p and x d are displacement of the spring at the power cylinder and at the drum brake and r is the density of the brake fluid.
Skid control

Main symbols
The main symbols in the numerical analysis are as follows: B: braking force (N) 
Slip control
In general, slip ratio r is used to evaluate the slip of the tyre [10, 11, 16, 18] . The equation of slip ratio is as below:
where u is the wheel absolute velocity or vehicle chassis velocity. r; v are the wheel radius and wheel rotating velocity, respectively. Figure 3 illustrates the typical friction coefficient and slip ratio curves for the dry asphalt and icy road. Wheel skid will occur when the large torque rapidly generated at the wheel or the driving torque suddenly drops with the various road conditions. When the slip ratio rapidly increases towards 1.0, the braking force and the side force generation on the wheel will disappear. This causes an unstable vehicle motion and can be a dangerous spin motion. Therefore, in this paper, we proposed hydraulicÀmechanical hybrid brake system with ABS. The prime function of ABS is to prevent the tyre from lock and ideally to keep the slip ratio within an optimum range. This will ensure that the tyre can develop a sufficient high braking force for stopping the vehicle, and at the same time, it can retain an adequate cornering force for directional control and stability [19] . 
ABS control method
In this study, we have developed a simulation model of hydraulicÀmechanical hybrid brake system with ABS. Figure 4 illustrates a two-wheel model of hydraulicÀmechanical hybrid brake system with ABS. The hydraulic unit of ABS contains one IN valve and one OUT valve. For a front wheel, a separate IN valve and OUT valve were installed at each wheel and placed between the master cylinder and front drum brake. But, for both rear wheels, only one IN valve and one OUT valve were installed between the master cylinder and power cylinder.
In the numerical analysis, based on Figure 3 , the optimum value of r for an icy road can be considered in the range of 0.2À0.3. When the slip ratio is in the range between r up D 0.2 and r dn D 0.3, the vehicle can obtain the maximum value of the frictional force and a high degree of cornering force. The hydraulic unit of ABS will operate when r is not in the optimum range. If r > r dn , the IN valve is closed, the OUT valve is opened, and the pump begins to operate. The pressure in the wheel cylinder and the braking force is decreased. As a result, the slip ratio becomes small, and the friction coefficient becomes larger. When r < r up , the IN valve opens and the OUT valve closes again. The pressures in the wheel cylinder and the braking force are increased, and the slip ratio then becomes large. Regenerative brake control method Figure 5 shows the ideal braking force distribution used to determine the percentage of regenerative brake force and mechanical brake force [6, 7] . From the actual brake curve, by taking the front brake force produce when the coefficient of friction is in maximum value, the maximum degree of rear brake force can be calculated. The equation of ideal braking force for a rear tyre is as below:
where F mecha is the mechanical braking force, F reg is the regenerative braking force and F ideal is an ideal braking force. During ABS operation, due to the rigidity of the mechanical brake system, a response performance of the mechanical braking system is low and the time delay occurs. To compensate the lost friction force at the mechanical braking system, the regenerative brake control timing is proposed. The regenerative brake control timing operates similar to that of the ABS, which is based on the slip ratio. If r is larger than 0.3, the regenerative brake turns off and the current produced is transferred to charge the battery. However, if r becomes lower than 0.2, the regenerative brake is turned back on to regain the ideal brake force. In general, the regenerative braking torque that an inwheel motor can be produced is constant up to a wheel speed. Then, the regenerative braking torque and the regenerative brake force can be calculated by using Equations (5) and (6) .
where T R is the regenerative brake torque, C R is the regenerative brake coefficient, rv is the velocity of the tyre, B R is the regenerative brake force and R r is the radius of rear brake shoe. In the numerical analysis, the value of C R is 30.
Numerical analysis
Dynamics equation of motion Figure 6 shows the force vector at each wheel for the construction of basic equations of motion. The equation of motion in the longitudinal and lateral directions and the equation of yaw motion is shown as below:
where u and v are the velocity of the vehicle in the longitudinal and lateral axes, Y is the vehicle yaw rotational speed, X fr , X fl , X rr , X rl are the friction force, while Y fr , Y fl , Y rr , Y rl are the cornering force.
In the numerical analysis, the brush tyre model has been used in the calculation of friction force and cornering force. This model allows elastic deformation in both the longitudinal and lateral directions. In cases of braking situation, we use Equation (10a), while in the driving situation, Equation (10b) is used [1] .
where b, l are the width and length of the interacted tyre surface, K x ; K y are the rigidness of tyre in the longitudinal and lateral axes, and b T is the side slip angle of the tyre. In this research, b D 10 cm, l D 15 cm, K x D 3:3£10 7 N=m 3 , K y D 3:3£10 7 N=m 3 were set as constant.
Calculation procedures
The numerical analysis in this study can be explained by using Figure 7 . This figure illustrates the calculation flow chart of hydraulicÀmechanical hybrid brake system with ABS and regenerative brake control. When a braking torque T B is applied to the tyre, a corresponding torque friction of the tyre T f is developed on the tyre ground contact patch, which acts in the opposite direction of the applied braking torque T B . The difference between T B and T F causes an angular acceleration _ v of the tyre:
where I is the inertia of the tyre. The inertia moment of the front tyre is 0.43 kg m 2 and the inertia moment of the rear tyre is 2.53 kg m 2 [7] . In the numerical calculation, we consider that inwheel motor will produce the regenerative braking torque. Then, the total braking torque for a rear tyre is the sum of the mechanical braking torque and the regenerative braking torque. On the other hand, the braking torque for a front tyre is only the hydraulic braking torque. Equation (12) shows the braking torque at each tyre. (12) where BEF is the braking efficiency factor and the value of BEF is 1.5.
If r is not in the optimum range (0.2À0.3), the ABS control unit will start to operate to control the braking pressure at the master cylinder. The braking pressure from the master cylinder will be directed to the front wheel cylinder and the rear power cylinder. Without a time delay response from the master cylinder to the front wheel cylinder, an ABS is enough to maximise the slip ratio and cornering force of the front tyre. However, for the rear braking system, due to the rigidness of the mechanical braking system, a time delay response occurred during ABS operational. To compensate with the loss of friction force, the in-wheel motor will produce the regenerative braking torque. The regenerative braking control timing will be operational when the value of r is not in the optimum range. From the operation of the ABS and regenerative brake control timing, we can keep the optimum value of r and we can also maximise the braking force and cornering force, thus assuring the stability of the vehicle.
Results and discussion
Braking performance of the hydraulicÀmechanical hybrid brake system on an icy road In this part, the effect of the hydraulicÀmechanical hybrid brake system on an icy road is examined. In the simulation, we have set several parameters as follows: the initial vehicle velocity is 30 km/h, the initial braking pressure is 1.5 MPa, the steering angle is 0 degrees and the road condition is icy road. Figure 8 illustrates the changes of the vehicle velocity and rotational speed of the tyre. From Figure 8 , the vehicle needed 14 s to completely stop and the rotational speed of the front and rear tyres was decreased rapidly. These occurrences can be explained from the braking force and the friction force graph in Figures 9 and 10 . Figure 9 shows the braking force at the front and rear tyres. The front brake consists of a hydraulic braking system which responds to a constant force directed from the master cylinder generated by the driver's braking pedal. On the other hand, the braking force generated from the regenerative brake is proportional to the rotational speed of the tyre. The braking force at the rear tyre is decreasing rapidly due to the deceleration of the rotational speed of the rear tyre. Thus, the rear tyre braking force decreases when the rotational speed of the rear tyre decreases. Figure 10 shows the friction force of the front and rear tyres. As expected, during braking on an icy road, due to the low friction coefficient of the icy road, the friction force for both the front and rear tyres are very small.
Effect of the ABS on an icy road
In this part, we examined the effect of the ABS on an icy road. The regenerative brake control was nonoperational in this simulation. Figure 11 shows the deceleration of the vehicle velocity and tyre rotational speed during braking on an icy road when ABS operational. From this result, a slight improvement can be seen from the stopping time and the rotational speed of the front tyre. The vehicle needed 10 s to completely stop which is 4 s faster than without ABS assistance. However, the deceleration speed of the rear is still decreased rapidly. Figure 12 shows the slip ratio of the front and rear tyres. From this result, the slip ratio of the front tyre is in the desired range, which is 02À0.3. However, the slip ratio of the rear tyre is increased rapidly to 0.9. This result shows that ABS can control the slip ratio of the front tyre in the desired range. When the slip ratio increased, the ABS started to operate. The braking force is decreased, which allowed the tyre to rotate and gaining a higher friction. But when the slip ratio decreased, the braking force is restored and the rotational speed of the tyre is lowered again. These processes are repeated until the vehicle is fully stopped, thus showing an oscillation of the tyre rotational speed ( Figure 11 ) and fluctuation of braking force ( Figure 13 ). Figure 14 shows the friction force at the front and rear tyres. An analysis of the result in Figure 10 shows that the friction force of the front tyre with ABS is higher than that without ABS. From this result, it is approved that ABS can maximise the friction force of the front tyre and also can improve the braking performance of the front tyre. However, the regenerative braking force produced from the in-wheel motor needed to control to prevent tyre lock.
Effect of the ABS and regenerative brake control on an icy road
In this part, the ABS and regenerative brake control were operational. First, we examined the effect of the ABS and regenerative brake control on the vehicle velocity and rotational speed of the tyre. Figure 15 shows the deceleration of the vehicle velocity and the rotational speed of the tyre. From this result, it was found that the vehicle needed 8 s to completely stop and the rotational speed of the front and rear tyres was decreased gradually. Then, we examined the slip ratio of the front and rear tyres. Figure 16 shows the slip ratio of the front and rear tyres. From this result, it was found that the slip ratio of the front and rear tyres oscillated in between 0.2 and 0.3, which is the range of intended value.
In this situation, the tyre was not locked and the vehicle was not skidding. The operation of the regenerative brake control is similar to that of the ABS. When the slip ratio increased, the regenerative brake is turned off and the excessive energy is used for charging the battery. When the slip ratio decreased, the regenerative brake force is again restored. The effect of the ABS and regenerative brake control can also be seen in the braking force and friction force on the front and rear tyres. Figures 17 and 18 show the braking force and friction force of the front and rear tyres. Due to the operation of the regenerative brake control, the braking force and the friction force of the rear tyre are in fluctuation. These results prove that a combination of ABS and regenerative brake is crucial for safety and stability.
Conclusion
In this study, we have constructed a simulation model of ABS and regenerative brake control to prevent the small electric vehicle from skidding during braking on an icy road. From the numerical analysis, we found that during braking on an icy road, ABS is crucial because it can prevent tyre lock. The in-wheel motor can be an actuator of ABS to control the regenerative braking force produced from the in-wheel motor. From the simulation result, it is approved that our proposed model, ABS and regenerative brake control can improve the braking performance and safety of the small EVs. In future, it is suggested to validate the simulation result by experiment. 
